We discuss three Ising ring systems with competing interactions which are analogs of quantum systems and we show that they exhibit similar properties. In particular, the archetypal system of three antiferromagnetically coupled spins s has two magnetically degenerated ground states with |M| s, when 0 J13 α 1 J12 J23.
Introduction
The notion of frustration in spin systems was introduced in the spin glass theory [1] [2] [3] , but recently it has been studied in quantum spin systems, especially in the context of magnetic molecules built of transition metal ions with local spin s [4] [5] [6] [7] [8] [9] [10] [11] [12] . Kahn [15, 16] introduced a term "degenerate frustration" pointing out importance of the ground state (GS) degeneration in systems with competing interactions. On the other hand, studies of nonanuclear chromium molecules and their smaller analogues [5] [6] [7] [8] [9] [10] not only have confirmed the Kahn results that the GS degeneration is present for a few welldetermined values of a Hamiltonian parameter, but have shown that in a certain domain of this parameter the GS total spin S of geometrically frustrated spin system is the same as in the domain without the geometrical frustration. This specific region was assigned to the third type of frustration [5] . Some interesting results were obtained for quantum spin systems [9, 10] . For example, in the case of systems with one "defect" bond there is a series of 2s critical values of this coupling at which the GS total spin S and its symmetry is changed. In this paper results for the Ising models are presented and it is shown that in such cases there is only one critical value (independent of a system size n and a spin number s), so, qualitatively, the Ising spin systems resembles the Heisenberg model for quantum spins s 1{2.
Classical spin systems are geometrically frustrated if there exists at least one cycle of pairwise coupled spins ps j1 , s j2 , . . . , s j l , s j1 q with an odd number of antiferromagnetic couplings J j k j k 1 [1] [2] [3] . This condition leads to a more general concept of the "energetic" frustration, what means that the ground state configuration (GSC) does not simultaneously satisfy all the constraints imposed by the Hamiltonian [17] . Usually, frustrated systems have highly degenerated GS. Some systems with * corresponding author; e-mail: wojciech.florek@amu.edu.pl geometric and energetic frustration, but with the nondegenerated GS are discussed below. Moreover, the GSC's are the same as those realized in non-frustrated systems, so the third type of frustration is revealed. A paradigm example is provided by antiferromagnetic rings with odd number of spin carriers (corresponding to the Cr 9 molecule and its analogues). The second model describes antiferromagnetic rings with even number of spins uniformly coupled to an additional spin s 0 , related to Fe 7 or Gd 7 molecules [18, 19] . At the end rings with competing interactions of the first and the second neighbors are discussed.
The Heisenberg interactionsŝ j ¤ŝ k are replaced by products of the z-components s 
is the so-called Ising configuration. For µ |¡m 1 , . . . , ¡m n y one has E jk pµq E jk pµq, then there is always trivial two-fold magnetic degeneration (except for all m j 0), which is neglected hereafter.
Non-zero exchange integrals are antiferromagnetic with J jk 1 or J jk α for any real number α. Considered systems are homogeneous, so all s j s.
Rings with a bond defect
Energy of a configuration µ is given as (n is an odd integer)
For α 0 there is the unique GSC µ 0 with m j p¡1q j¡1 s and energy Epµ 0 q rp1¡nq αss 2 (Fig. 1a) ; in this state magnetization M pµq °n j1 m j s. When α ¡ 0 the system is geometrically frustrated and for large enough α a pair of parallel spins has to be placed at one of the other n¡1 bonds, so the degenerated GS contains, among others, n ¡ 1 "basic" configurations µ j with m j m j 1 for 1 ¤ j n and |M| s (Fig. 1b) . For s ¡ 1{2 there are pn ¡ 2qp2s ¡ 1q "extra" GSC's µ k,m with triples ps, m k , ¡sq, 1 k n, |m k m| s, and M m (Fig 1c) . All these 2spn ¡ 2q 1 GSC's for α ¡ 1 yield (411) (Fig. 1d) .
Centered rings
where ε ¨1; this system is geometrically frustrated for α ¡ 0. For α 0 the ring is ordered ferromagnetically, with M R ns, and m 0 ¡εs (Fig. 2a) . So, the GS en- Empty, black, and gray circles denote mj ¨s and |mj| s, respectively. The sign of m0 has to be changed for J0j ¡1.
ergy equals npα¡1qs 2 . For large values of α the first term dominates and the ring is ordered antiferromagnetically, m j p¡1q j¡1 for 1 ¤ j ¤ n. Then M R 0 and the total energy, ¡nαs 2 , does not depend on m 0 and ε. So the degeneration of this GS equals p2s 1q (Fig. 2b) . These two types of GS's are degenerated at α CR c 1{2. Moreover, at this point many additional configurations enter the GS. Their number can be determined from combinatorial considerations, but this problem is left out in this paper. For n 4 there are 8sps 1q ¡ 2 such configurations (Fig. 2c) , so the total degeneration at α 1{2 amounts to 8s 2 10s.
Second neighbors
Even-numbered rings become geometrically frustrated when antiferromagnetic interactions of the next-nearest neighbors are present. In the simplest, uniform, case the energy is given as (n p p) Epµq
The second term describes two antiferromagnetic "subrings", which are geometrically frustrated when n{2 is an odd number. For α 0 the non-frustrated system has the unique antiferromagnetic GS with Epµ AF q npα ¡ 1qs 2 (Fig. 3a) . Large α ¡ 0 should lead to an- tiferromagnetically ordered subrings. However, this is possible for n{2 even only, so the cases n 4q and n 4q 2 are discussed separately. In the first case, there are two non-equivalent antiferromagnetic configurations of subrings, so the two-fold degenerated GS comprises µ AF1 |s, s, ¡s, ¡s, . . . , ¡s, ¡sy and µ AF2 |s, ¡s, ¡s, . . . , ¡s, ¡s, sy (Fig. 3b) . Hence, the GS energy equals Epµ 1{2. Additional states at α 1{2 enter the GS for n ¡ 4 and, for example, there 20 such states (so 23 in total) for n 8 and s 1{2 (Fig. 3c) . Note that presented configurations have M 0 in the first two cases, whereas at α 1{2 some of them have M $ 0.
For n 4q 2 (and large enough α ¡ 0), the subrings are geometrically frustrated and their configurations are degenerated, what increase the whole system GS degeneration in comparison with the previous case. The minimum energy amounts to rp4 ¡ nqα ¡ 2ss 2 and the same critical value α SN c 1{2 is obtained. For α ¡ 1{2 degeneration of the GS equals nsrpn ¡ 4qs 2s (Fig. 4) . There is no additional configurations at α 1{2 for n 6, but degeneration at this point increases rapidly for n ¥ 10.
Summary
Three systems discussed above show some common features. At first, the parameter α has the critical value α c ¡ 0, independent on the system size n and the spin number s. When α α c the GS is not degenerated, except for the trivial change m j Ñ ¡m j for all spins s j .
It has to be stressed that for 0 α α c the systems considered are geometrically (so also energetically) frustrated, but the degenerate (Kahn) frustration is absent. Moreover, these systems retain appropriate GS's from the range α 0, where the geometrical frustration is absent. In other words, despite the presence of competing interactions (J and J I , say) the systems considered do not change their GSC's if the appropriate ratio α |J I |{|J| is small enough, i.e. α α c . Therefore, all of them exhibit the third type of frustration in this domain. Analogous behavior has been found in the classical and quantum counterparts of models discussed here [9, 10, 20] . However, in each of these cases systems behave in different ways when the ratio α is large enough. The classical spin vectors s j start to change their positions (they rotate in planar systems what leads to two configurations with different chirality). In the quantum systems the GS, which is a linear combination of many Ising configurations µ, is modified in a continuous way except for a series of well-determined "critical" values of α, when the GS is significantly changed. In both systems, the critical values are size-and spin-dependent. The Ising-like model shows the unique critical value with highly degenerated GS when α ¥ α c .
